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We calculate the differential conductance at a probe inserted in the weak link of a topological
Josephson junction, consisting of a semiconducting nanowire deposited on top of two separated
superconductors. Our aim is to understand how the peculiar features in the spectrum of Andreev
bound states, arising due to the presence of Majorana bound states at the ends of the two topo-
logical superconducting wires defining the junction, can be determined through a measurement of
the differential conductance. We find that when the probe allows a single propagating mode, the
differential conductance presents a dip at zero voltage of zero conductance close to the position
where the spectrum exhibits the topologically protected crossing. This can be viewed as a signature
of the presence of Majorana states, which does not require fermion parity conservation and is robust
against parameters’ changes, as well as disorder. On the contrary, when the probe allows two or
more propagating modes the differential conductance resembles the spectrum of Andreev bound
states. This has been established making use of both numerical and analytical methods.
PACS numbers: 74.78.Na,74.45.+c,73.23.-b
I. INTRODUCTION
By finding real solutions to the Dirac equation, Majo-
rana predicted the existence of fermions which are their
own antiparticles.1 Although never observed as elemen-
tary particles, such Majorana fermions can actually exist
in condensed matter in the form of exotic excitations.2
The search for these Majorana modes in condensed mat-
ter systems has been attracting a vast interest primarily
because of their topological nature, which would allow
a protected way of manipulating quantum information.3
Most of the implementations are related to the realiza-
tion of an effective p-wave superconductivity.2,4–6
The implementation we are focusing on in this work is
related to one-dimensional (1D) p-wave superconductors
and makes use of a semiconducting wire, in the presence
of spin-orbit interaction, Zeeman fields, and a supercon-
ducting order parameter induced by an s-wave supercon-
ductor located in proximity of the nanowire. In a cer-
tain range of parameters the nanowire is predicted to be
topologically non-trivial, exhibiting a pair of Majorana
bound states (MBS) at its ends.7,8 Among the several
different signatures of MBS proposed so far, an incon-
trovertible evidence of their existence should derive from
the measurement of (i) a quantized differential conduc-
tance peak at zero voltage, predicted to appear when the
nanowire is contacted to a normal electrode9–11; and (ii)
a fractional Josephson effect which should appear when
two nanowires are coupled through a weak link.2,12 In
the latter case the Josephson current is predicted to be
4pi-periodic in the superconductors phase difference φ if
the parity of the number of fermions in the system is
conserved.
Topological superconducting nanowires have been re-
cently experimentally realized by a few groups (see
Refs. 13–16). In all of those experiments a differential
conductance peak at zero voltage, although not quan-
tized, has been observed to persist over a quite wide range
of magnetic field values, in accordance with theoretical
expectations. Although there is a widespread belief that
MBS are associated to the anomalies observed in the ex-
periments, there is still a vivid debate since a number
of spurious effects can give rise to similar zero-voltage
conductance peaks. On the other hand, 4pi-periodicity of
the Josephson current has never been observed for such
a system.
All the experiments mentioned above13–16 are con-
ducted in a two-terminal geometry. A multi-terminal
setup will certainly lead to a deeper understanding of
transport in topological superconductors.17 In this paper
we consider a Josephson junction consisting of two topo-
logical superconducting nanowires separated by a nor-
mal weak link in which an additional probe electrode
is inserted. Our work is inspired, although not directly
connected, by a recent experiment,18 where the tunnel-
ing conductance through a segment of a InAs wire con-
fined between two superconducting leads has been mea-
sured using a third metallic tunnel probe. Multi-terminal
Josephson devices based on InAs wires connected to sev-
eral normal and superconducting leads have been also
experimentally studied in Refs. 19–21. The setup we
consider is sketched in Fig.1(a). The number of prop-
agating modes reaching the weak link can be effectively
controlled by means of a quantum point contact (QPC)
acting on the probe close to the interface with the weak
link. Our aim is to understand how the presence of Ma-
jorana end modes affects the differential conductance G
at the probe electrode. More specifically, we shall as-
sess under which conditions the local density of states
(LDOS) in the weak link, determined by the spectrum
of Andreev bound states (ABS), can be deduced from a
measurement of G. Note that the Josephson current and
the ABS spectrum in the weak link are tightly linked. In
a topological junction, in particular, the 4pi-periodicity
of the Josephson current is due to ABS which present a
topologically protect crossing at φ = pi. Indeed, in the
ar
X
iv
:1
31
1.
10
17
v2
  [
co
nd
-m
at.
me
s-h
all
]  
16
 Ja
n 2
01
4
2case of Josephson tunnel junction between two p-wave
superconducting wires the ABS take the simple form
EABS = ±∆p
√
T cos(φ/2), where the sign ± depends on
the fermion parity, ∆p is the gap of the superconduc-
tors and T is the transmission probability of the tunnel
junction12.
By analyzing the problem both numerically and an-
alytically, we find that when the probe allows a single
propagating mode, the differential conductance G at the
probe does not reflect the LDOS in the weak link cal-
culated in the absence of the probe. More precisely,
while the LDOS for φ ' pi presents a peak with a max-
imum at zero energy, G develops a zero-voltage dip of
zero conductance, whose origin can be attributed to per-
fectly destructing interference effects. This finding is in
agreement with the results of Ref. 22, where the tun-
neling conductance of discrete Andreev bound states has
been studied. Zero conductance at zero voltage has also
been found in a network of MBS.10,17,23 Furthermore, we
find that the zero-voltage, zero-conductance dip is ro-
bust (“topologically protected”) against changes of the
parameters, such as spatial asymmetry in the structure
and presence of disorder, and can be viewed as a novel
signature of the presence of Majorana fermions. On the
contrary, when the QPC allows two or more propagating
modes in the weak link, the interference effects giving
rise to the dip are largely suppressed and the differential
conductance resembles the LDOS in the absence of the
probe.
The paper is organized as follows: in Sec. II we detail
the system under investigation and the model used to de-
scribe it. In Sec. III we report the main numerical results
obtained for the LDOS (Sec. III A) and for the differen-
tial conductance (Sec. III B). The analytical model used
to calculate the differential conductance can be found in
Sec. III C, while in Sec. IV we summarize and give the
concluding remarks.
II. THE MODEL
The system, sketched in Fig. 1 (a), is composed of a
semiconducting nanowire with strong spin-orbit coupling
placed on top of two s-wave superconductors, which dif-
fer by the phase of the order parameter. Through the
proximity effect a non-vanishing superconducting pair-
ing is induced in those regions of the nanowire that
are in contact to the superconductors, thus realizing
a superconductor-normal-superconductor (SNS) Joseph-
son junction. A magnetic field is applied parallel to the
axis of the nanowire (x-direction), which is attached to
a normal probe in its N region – the weak link.
The two-dimensional tight-binding Hamiltonian of the
L
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FIG. 1. (Color online) (a) Sketch of the system. A semi-
conducting nanowire (NW) of width w with strong spin-orbit
coupling is placed on top of two s-wave superconducting elec-
trodes (S). A magnetic field is applied parallel to the axis of
the nanowire (x-direction). A non-vanishing superconducting
pairing is induced, through the proximity effect, in nanowire
sectors in contact to the superconductors (orange/lighter re-
gions). A normal probe (P) of width wpr is attached to the
non-proximized sector of the nanowire, whose length is L.
The width of the probe is reduced (quantum point contact)
in the vicinity of its interface with the nanowire. A voltage
bias V is applied to the probe, while the superconductors are
grounded. (b) Phase diagram of an ideal, isolated topological
superconducting nanowire as a function of the Zeeman field
B and of the chemical potential µ, in units of t. The width
of the nanowire is assumed to be w = 10a, where a is the
lattice constant. The non-trivial topological phase is marked
in black.
nanowire, of width w, reads
HˆNW = −t
∑
〈i,j〉,σ
cˆ†i,σ cˆj,σ + (ε0 − µ)
∑
i,σ
cˆ†i,σ cˆi,σ
+iα
∑
〈i,j〉,σ,σ′
(ν′ijσ
x
σσ′ − νijσyσσ′)cˆ†i,σ cˆj,σ′
+B
∑
i,σ,σ′
σxσσ′ cˆ
†
i,σ cˆi,σ′ , (1)
where cˆ†i,σ is a creation operator for an electron of spin σ
in site i, and the symbol 〈i, j〉 stands for nearest-neighbor
sites i and j. Here t is the hopping energy, ε0 = 4t is a
uniform on-site energy which sets the zero of energy, α
is the Rashba spin-orbit (SO) coupling strength, B is
the Zeeman field along the wire, σi are spin-1/2 Pauli
matrices, νij = xˆ · dˆij , and ν′ij = yˆ · dˆij with dˆij =
(ri − rj)/|ri − rj | being the unit vector connecting site
j to site i.
The probe is characterized by the same parameters as
the nanowire, but without SO coupling, and its Hamil-
3tonian reads
HˆP = −t
∑
〈i,j〉,σ
cˆ†i,σ cˆj,σ +
∑
i,σ
(ε0 − µ+ Ui)cˆ†i,σ cˆi,σ
+B
∑
i,σ,σ′
σxσσ′ cˆ
†
i,σ cˆi,σ′ , (2)
where Ui is a position-dependent potential which is non-
zero in the presence of a QPC (see below). The coupling
to the nanowire is accounted for by the following term
HˆC = −tγpr
(I)∑
〈i,j〉,σ
cˆ†i,σ cˆj,σ + H.c. , (3)
where the superscript (I) in the sum indicates that the
sites i and j are at the interface between the probe (i)
and the nanowire (j), while γpr is the strength of the
coupling. Finally the induced pairing in the nanowire is
accounted for by the term:
HˆS =
∑
i
[
∆i cˆ
†
i,↑cˆ
†
i,↓ + H.c.
]
. (4)
The superconducting order parameter ∆i is assumed
piecewise constant, with |∆i| = ∆ in the regions in con-
tact with the superconductor and ∆i = 0 in the central
region of length L. The phases of the superconductors
on the left and on the right with respect to this region
differ by φ. Moreover, we assume that a barrier can be
present at the boundary between the S and N regions of
the nanowire, leading to a decrease of the value of the
hopping energy t and of the SO coupling α by a factor
γL/R for the left and right boundary, respectively.The
complete Hamiltonian of the system then reads
Hˆ = HˆNW + HˆS + HˆP + HˆC . (5)
The proximized regions of the nanowire are in the
topological non-trivial phase, thus hosting pairs of Ma-
jorana bound states at their ends, for appropriate val-
ues of the parameters. For an ideal, isolated single-
channel wire, the topological non-trivial phase occurs
when B >
√
µ2 + ∆2. 7,8 For a nanowire of finite width,
the phase diagram presents a richer structure24–27 where
trivial and non-trivial topological regions alternate [see,
as an example, Fig. 1(b)].
III. RESULTS
Numerical calculations are performed within the tight-
binding model sketched above using a recursive Green’s
function technique.28 The parameters are chosen such
that only one channel is open in the nanowire: For the
topological phase we choose µ = 0 and B = 0.2t, while
for the trivial phase we choose µ = 0.15t and B = 0.1t.
In both cases w = 10a (a being the lattice constant),
∆ = 0.1t, and α = 0.1t. The LDOS is calculated in
the weak link in the absence of a probe. The differen-
tial conductance G = dI/dV is calculated, using a wave-
function-matching technique,29 for a probe of width wpr
attached to the nanowire in a given position, where I is
the current flowing through the probe and V is the bias
voltage applied to it (the superconductors are grounded).
The coupling to the probe is controlled by the coupling
parameter γpr [so that the hopping energy at the probe-
wire interface is tγpr as indicated in Eq. (3)] and by the
presence of a QPC, which restricts the effective number
of open channels of the probe in the contact region. The
QPC is described by the following saddle-like potential30:
U(x, y) = max
{
0, U0 − Uy(y + d
a
)2 + Ux(
x− wpr/2
a
)2
}
,
(6)
where d is the distance of the saddle point from the probe-
wire interface. U0, Ux and Uy are external parameters
that fix the shape of the potential and are related to the
characteristics of the gate used to realize the QPC. The
condition Ux  Uy must be satisfied in order to clearly
see quantized conductance.30
A. Local density of states in the absence of a probe
We anticipate that the results of this section are in
complete agreement with the ones present in the litera-
ture (see, for example, Refs. 7, 27, 31, and 32). We will
use them as a reference for the differential conductance
results shown in the next section. The LDOS can be
computed through the relation
N (r, E) = − 1
2pi
Im{Tr[G(r, E)]} , (7)
where G(r, E) is the Green’s function and the factor 2 in
the denominator is introduced to avoid a double count-
ing of particle and hole degrees-of-freedom intrinsic in
the formalism we use. We shall consider both the short
(L  ξ) and the long (L  ξ) junction regimes, where
ξ = ~vF /Eg is the superconducting coherence length (vF
being the Fermi velocity and Eg being the induced gap
in the energy spectrum of the NW). Within the tight-
binding model ξ ' (kFa)ta/Eg, where kF is the Fermi
momentum.
In Fig. 2 the LDOS, relative to a site in the middle
of the weak link, is plotted as a function of energy E
and phase difference φ (the LDOS is qualitatively equal
over the whole normal region). Figures 2a and 2b refer
to a short junction, while Figs. 2c and 2d refer to a long
junction. In all the plots, ABS manifest themselves as
sharp peaks of large amplitude (lighter color). For a short
junction (L = 2a) in the topological phase (Fig. 2a)
the spectrum of ABS is characterized by a crossing at
E = 0 and φ = pi and it is in good accordance with the
prediction for a 1D Josephson junction between spinless
p-wave superconductors, namely E ∝ ± cos(φ/2) – see
the black dots in Fig. 2a. Such crossing is topologically
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FIG. 2. (Color online) Density plots of the LDOS as a
function of phase difference φ and energy E at a site in
the middle of the normal region assuming γL/R = 1. Note
that, in order to increase the contrast, we have plotted the
LDOS in a restricted range of values. Plots (2a), topo-
logical phase (B = 0.2t, µ = 0), and (2b), trivial phase
(B = 0.1t, µ = 0.15t), refer to a short junction (L = 2a).
Plots (2c), topological phase, and (2d), trivial phase, refer
to a long junction (L = 200a). The ABS spectrum in plot
(2a) is in good accordance (black dots) with the expression
EABS = ±∆p
√
T cos(φ/2), relative to a p-wave Josephson
junction, setting T = 1 and ∆p = 0.028t.
protected, e.g., it persists even when the couplings γL/R
are changed. In the trivial phase [Fig. 2b], the spectrum
of ABS presents two crossings at zero energy, which are
not protected as their positions in φ change with γL/R,
e.g. see Fig. 4. In both cases, at fixed phase, we have
only two ABS with opposite energy. On the contrary,
for a long junction (L = 200a) multiple pairs of ABS
are present at fixed phase and the dispersion relations
acquire a richer structure. Still, we find one crossing at
E = 0 and φ = pi in the topological phase [Fig. 2c] and
no crossings in the trivial one [Fig. 2d].
In Fig. 3 the LDOS of a long junction in the topological
phase is plotted as a function of the energy for different
values of φ near pi. We observe that two ABS-peaks are
clearly distinguishable for value of φ far enough from pi,
while they overlap when φ gets closer to pi eventually
merging into a single peak. Notice that the overlap is
an incoherent sum of the two peaks (for example, at the
crossing φ = pi the LDOS is twice as high as a single “iso-
lated” ABS). A (small) imaginary part η has been added
to the energy E in Eq. (7) to carry out the calculation. A
finite η (taken to be equal to 10−7t in all plots) physically
originates from relaxation processes due to the coupling
to the environment. The width (height) of the peaks in
the LDOS increases (decreases) with increasing η.
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FIG. 3. (Color online) Vertical cuts of Fig. 2c over a reduced
range of energies. LDOS as a function of energy E for different
values of φ close to pi, when the junction is in the topological
phase. The LDOS is calculated at a site in the middle of the
normal region assuming L = 200a, γL/R = 1 and η = 10
−7t.
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FIG. 4. The same as for Fig. 2, but setting γL/R = 0.7.
The effect of a reduced coupling γL/R can be appreci-
ated by comparing Fig. 2 with Fig. 4, where all param-
eters are the same but γL/R = 0.7. No major effects
emerge in the topological phase apart from a reduction
of the bandwidth [Fig. 4a], which additionally causes the
disappearance of the crossings at φ = 0 and 2pi [Fig. 4c].
This is a consequence of the fact that the crossing at
E = 0 and φ = pi in the topological phase is protected
against changes of the coupling between proximized and
normal sectors of the nanowire and of the length of the
normal region. On the other hand, in the trivial phase
the ABS spectra are more strongly modified, in partic-
ular for the short junction where the crossings at zero
energy disappear [Fig. 4b], but the number of crossings
at zero energy is always even.
We are now aiming at comparing the LDOS presented
in this section to the differential conductance G calcu-
5lated at the probe inserted in the weak link. We shall
furthermore assess how G is affected by the presence of
Majorana bound states at the boundaries between the
proximized regions and the weak link.
B. Differential conductance: Numerical
calculations
When a voltage V is applied to the probe, and V is
smaller than the superconducting gap ∆, the transmis-
sion through the proximized sectors of the nanowires is
suppressed and the differential conductance at the probe
is determined, at zero temperature, by
G(V ) =
2e2
h
Tr[ra(E)
†ra(E)]
∣∣∣∣
E=eV
, (8)
where ra(E) is the Andreev reflection matrix at the inter-
face with the probe, evaluated at energy E. The matrix
ra(E), whose dimension is determined by the number of
open channels in the probe, is numerically calculated, as
mentioned in Sec. II, through a recursive Green’s func-
tion method28 combined with a wave-function-matching
technique.29 We assume that the spin-orbit interaction is
absent in the probe. Furthermore, we consider the case
of a a weak probe-wire coupling (γpr = 0.1). The probe
is attached to the nanowire in the middle of the normal
region and, initially, it is assumed to be narrow enough
(wpr = 8a) to support a single open channel (moreover,
the QPC is absent). We checked that when γL = 0
or γR = 0, i. e., when a single topological supercon-
ductor is present, G shows a quantized zero-bias peak
(ZBP) signaling the presence of a Majorana bound state.
From now on we shall consider completely transparent
interfaces between proximized and normal sectors of the
nanowire (γL/R = 1).
In Fig. 5, G is plotted as a function of bias voltage V
and phase difference φ for both short and long junctions
in the topological and trivial phases (the panels are or-
ganized as in Fig. 2). At first glance, one notices that
Fig. 5 remarkably resembles the LDOS plots of Fig. 2.
Namely, G exhibits sharp peaks of height 2e2/h in ap-
parent correspondence to the ABS. A more careful look,
however, shows that this is not true in the crucial re-
gion around zero energy and close to φ = pi. This can
be appreciated by analyzing the data for the topological
phase close to such a crucial region. In Fig. 6 the dif-
ferential conductance for a long junction (L = 200a) is
plotted as a function of V for some values of φ close to
pi. At φ = pi a quantized peak, in units of 2e2/h, devel-
ops centered in V = 0. If φ is not exactly equal to pi,
however, G exhibits a zero-conductance dip at zero volt-
age, whose width increases by moving away from pi. The
two peaks, of quantized height, occur at energies corre-
sponding to ABS peaks in the LDOS (see Fig. 3), but,
unlike the LDOS, they do add coherently.33 More pre-
cisely, a complete destructive interference occurs at zero
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FIG. 5. (Color online) Density plot of the differential con-
ductance G as a function of phase difference φ and applied
voltage V , for γL/R = 1. The single-channel probe is attached
in the middle of the normal region with coupling γpr = 0.1.
Note that, in order to increase the contrast, we have plot-
ted G in a restricted range of values. Plots (5a) (topological,
B = 0.2t, µ = 0) and (5b) (trivial, B = 0.1t, µ = 0.15t) refer
to a short junction (L = 2a). Plots (5c) (topological) and (5d)
(trivial) refer to a long junction (L = 200a). Lighter colors
mean higher conductance. The conductance in plot (5a) is in
good accordance (black dots) with Eq. (12) assuming small Γ
as in Eq. (13) and setting |∆′|kF = 0.028t.
voltage (this interpretation is corroborated by the ana-
lytical results reported in Sec. III C). The occurrence of a
zero-conductance dip at zero voltage can be also under-
stood in terms of the properties of the scattering matrix
in the presence of particle-hole symmetry. According to
Be´ri,34 for a single-channel probe, the eigenvalues of the
Andreev reflection probability matrix are bound, at zero
energy, to be either 0 or 1. As a result, at φ = pi, the
presence of a resonant level (the topologically protected
crossing between the two branches of the ABS) imposes
|ra(0)|2 = 1. On the other hand, its absence at φ 6= pi
forces |ra(0)|2 = 0. For the characterization of peaks and
dip in terms of the parameters defining the system we
refer the reader to Sec. III C, where analytical expres-
sions are provided. Analogous behavior (not shown) is
obtained for the conductance of a short junction.
We stress that the zero-conductance dip at zero volt-
age is topologically robust: It persists for variations of
γR/L, γpr, L, and, within the topological phase, chemical
potential µ and magnetic field B. As we shall see below,
it also persists when disorder is introduced in the normal
region of the nanowire.
Let us finally consider the trivial phase. Nothing sig-
nificant happens for a long junction, where no crossings
occur at zero energy [conductance and LDOS plots are
virtually coinciding, see Figs. 2d and 5d, respectively].
For a short junction, however, the perturbation induced
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FIG. 6. (Color online) Vertical cuts of Fig. 5c over a reduced
range of voltages. Differential conductance G plotted as a
function of applied voltage V for values of φ close to pi and
γL/R = 1, when the junction is in the topological phase. The
single-channel probe is attached in the middle of the normal
region with coupling γpr = 0.1 and L = 200a.
by the probe gives rise to two barely noticeable anti-
crossings at zero energy [see Fig. 5b].
We now relax the condition of a single channel in the
probe and consider the case of two open channels. This
can be simply done by increasing the probe width wpr,
without changing other parameters. The resulting differ-
ential conductance is plotted in Fig. 7 for a long junc-
tion, with φ close to pi. Contrary to the single-channel
case (red full line), for two channels (green dashed-dotted
line) the zero-conductance dip at V = 0 is not present
and G resembles more accurately the LDOS (compare
with the black full line in Fig. 3). More realistically,
the effective number of propagating modes reaching the
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FIG. 7. (Color online) Differential conductance G plotted as
a function of applied voltage V at φ = 0.9997pi and γL/R = 1,
for a long junction (L = 200a) in the topological phase. The
probe is attached in the middle of the normal region with
coupling γpr = 0.1. The red full line refers to a single-channel
probe of width wpr = 8a, while the green dashed-dotted line
refers to a double-channel probe of width wpr = 14a.
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FIG. 8. (Color online) Differential conductance when the
probe includes a QPC. G is plotted as a function of applied
voltage V at φ = 0.99999pi and γL/R = 1, for a long junc-
tion (L = 200a) in the topological phase. The blue dotted
line refers to the case where the QPC allows a single channel
(U0 = 0.1t), while the black dashed-dotted line refers to the
double-channel case (U0 = 0). The red full line is relative to
a single-channel QPC in the presence of disorder, described
as a random on-site energy in the range [−0.001t, 0.001t], and
we average over 100 configurations. The probe, with QPC
at distance d = 150a, is attached in the middle of the nor-
mal region with coupling γpr = 0.1. Other parameters are:
Ux = 0.00005t, Uy = 0.005t, and wpr = 21a.
weak link can be controlled through a QPC inserted in
the probe (see Fig. 1). By varying U0, in Eq. (6), one
can change the number of channels allowed by the QPC
without changing the geometry of the system. Of course,
the constriction reduces the effective strength of the cou-
pling between probe and wire, so the width of the conduc-
tance peaks decreases. As a consequence, the qualitative
behavior of the conductance with a narrow probe is the
same as the one for a wider probe with a QPC, but on a
reduced energy scale. This is evident from Fig. 8, where
G is plotted as a function of voltage, with a QPC allowing
two channels (black daseh-dotted line) and one channel
(blue dotted line). We notice that, for the two-channel
case, the single peak shown in the plot is a result of the
“incoherent” sum of two peaks having a large overlap.
To complete the numerical study, we have investi-
gated how disorder affects the zero-conductance dip in
the topological phase. Disorder is described as a random
on-site energy introduced both in the weak link and in
the region of the probe where the QPC is located. For
a QPC with a single open channel it turns out that the
peaks (of quantized height) are randomly shifted in volt-
age for each configuration of disorder, but the differential
conductance at V = 0 is always zero. As a consequence,
the averaging over 100 disorder configurations leads to
lower and broader peaks (see red full line in Fig. 8), but
still with a zero-conductance dip.
7C. Differential conductance: Analytical model
Several features found in the numerical simulations can
be understood with a simple model amenable to an an-
alytical solution. In this section we calculate the differ-
ential conductance for the same setup considered so far
where both the nanowire and the probe are replaced by
strictly one-dimensional wires. This analytical calcula-
tion allows us to single out the main features found in
the numerical calculations. The system consists of two
semi-infinite spinless p-wave superconducting nanowires
coupled through a normal region (the weak link), which is
connected to a normal spinless semi-infinite probe. The
Hamiltonian for the 1D p-wave superconductors in the
Bogoliubov-De Gennes formalism is35
H =
(
p2
2m − µ 12 {∆′, p}
1
2 {∆′∗, p} − p
2
2m + µ
)
, (9)
where ∆′ is the p-wave superconducting coupling and µ
is the chemical potential. The Hamiltonian for the probe
and the weak link is the same as Eq. (9) after taking
∆′ = 0. The weak-link/probe junction is described by a
three-leg beam splitter, whose scattering matrix reads:
SB =
 √1− 2Γ
√
Γ
√
Γ√
Γ a b√
Γ b a
 , (10)
where a = 1/2(1 − √1− 2Γ), b = 1/2(−1 − √1− 2Γ),
with 0 ≤ Γ ≤ 1/2 being the transmission of the
probe/nanowire interface. This can be seen as an ef-
fective model for the structure described in Sec. II with
a single-channel probe and the topological superconduct-
ing nanowire deep in the topological phase (i.e., far away
from the gap closure).
The Andreev reflection amplitude at the probe is deter-
mined by composing the scattering matrices of the beam
splitter [Eq. (10)], of the free propagations in the normal
regions and of the NS interfaces.36 The latter have been
calculated by matching the wave functions at the two
sides of an interface and imposing current conservation.
In the case of completely transparent NS interfaces and
for a short junction, we obtain the following expression
for the differential conductance:
G(V ) =
2e2
h
Γ2(eV )2|∆′|2k2F sin2(φ2 )
Γ2(eV )2|∆′|2k2F sin2(φ2 ) + [(eV )2
√
1− 2Γ− |∆′|2mµ(1− Γ +√1− 2Γ) cos2(φ2 )]2
, (11)
where kF =
√
2mµ is the Fermi momentum.
Equation (11) nicely reproduces the numerical results
of Sec. III C for a single-channel probe and, in particular,
describes well the dip at V = 0 [see the black dots in
Fig. 5a]. First of all, we notice that, if φ 6= pi, G goes
to zero quadratically in the limit V → 0. However, for
φ = pi the differential conductance at V = 0 is quantized
to its maximum G(0) = 2e2/h. More generally, one finds
that G takes its maximum value (G = 2e2/h) for
(eV )2 =
|∆′|2k2F (1− Γ +
√
1− 2Γ) cos2(φ2 )
2
√
1− 2Γ . (12)
In order to obtain an analytic characterization of the
features of the differential conductance, let us now as-
sume a small coupling between wire and probe (tunnel-
ing regime Γ → 0). In this limit, the following equality
holds
1− Γ +√1− 2Γ
2
√
1− 2Γ = 1 +O(Γ
2), (13)
and the differential conductance presents two maxima
at eV = ±|∆′|kF | cos(φ2 )| [the separation between the
peaks’ top amounts to δpeak = 2|∆′|kF | cos(φ2 )|]. This
means that the position of the peaks does not depend
on probe/wire coupling, as long as the latter is weak,
and exactly matches the energy of the ABS. Moreover,
the full width of each peak at half maximum (FWHW)
is σpeak = ΓkF |∆′|| sin φ2 |, thus the peaks broaden with
increasing Γ and approaching φ = pi. We can now con-
sider separately the two situations: (i) phase far from pi
(| cot φ2 |  Γ/2), and (ii) phase close to pi (| cot φ2 | 
Γ/2). In case (i) the two conductance peaks are located
far apart, i.e., σpeak  δpeak, and each peak looks al-
most symmetrical with respect to its maximum. In case
(ii) the two conductance peaks are close to each other,
i.e., σpeak  δpeak, and each peak is highly asymmetrical
with respect to its maximum. Notice that the FWHM of
each peak does not change much by varying the phase,
being sin φ2 ∼ 1. Moreover, we can characterize the dip
through its width, defined as the separation of the two
peaks at half maximum σdip = 2|∆′|kF cos
2(φ2 )
Γ| sin φ2 |
. We find
that σdip is inversely proportional to Γ (it increases by
weakening the probe/wire coupling) and that the dip
width is smaller than the distance between the maxima
(σdip  δpeak  σpeak). All the above results are fully
compatible with the numerical results of Sec. III C, even
for the long junction case.
So far we have assumed zero temperature. For fi-
nite, small temperatures with respect to the energy gap
(kBT  |∆′|kF ) we have
8G(V ) =
2e
h
∫ ∞
−∞
Γ22|∆′|2k2F sin2(φ2 )
Γ22|∆′|2k2F sin2(φ2 ) + [2
√
1− 2Γ− |∆′|2mµ(1− Γ +√1− 2Γ) cos2(φ2 )]2
(
− df(T, V, )
d
)
d, (14)
where f is the Fermi distribution function f(T, V, ) =
1/(e
−eV
kBT +1). Essentially, a finite temperature smoothens
the conductance peaks (by broadening them and lowering
their maxima) and effectively lowers the resolution of the
measurement. Within the tunneling regime, in order to
clearly distinguish the two conductance peaks, at a given
phase φ, one must have kBT  δpeak. On the other hand,
to detect the dip at φ close to pi (| cot φ2 |  Γ/2) one
needs to fulfill the more stringent condition kBT  σdip.
For example, taking |∆′|kF = 250 µeV (see Ref. 13),
Γ = 0.2 and φ = 0.97pi one gets σdip/kB ∼ 60 mK.
IV. DISCUSSION AND CONCLUSIONS
In summary, we have calculated the differential con-
ductance in a three-terminal topological Josephson junc-
tion aiming at identifying the effects peculiar of the topo-
logical phase as compared to the trivial one. The sys-
tem is based on a semiconducting nanowire with strong
spin-orbit coupling and a longitudinally applied Zeeman
field. Superconductivity is induced, through the prox-
imity effect, in the two lateral sectors of the nanowire
by placing under them two superconducting electrodes.
For a strong enough Zeeman field, such nanowire sectors
access the superconducting topological phase character-
ized by the appearance of two Majorana bound states at
the end points of each sector. A Josephson junction is
thus formed by leaving a central part uncovered – the
weak link. The third terminal – the probe – is intro-
duced by contacting the weak link to a normal (spin-orbit
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FIG. 9. (Color online) Phase transition. The differential con-
ductance G, for φ = pi, is plotted as a function of Zeeman field
B and applied voltage V , at γL/R = 1. A two-channel probe
(wpr = 14a) is attached in the middle of the normal region
with coupling γpr = 0.1. For this plot we have set µ = 0.1t.
free) electrode, which is kept at voltage V (the supercon-
ductors are grounded). The differential conductance, re-
lated to the current flowing through the third electrode,
has been then calculated as a function of the bias volt-
age V and the superconducting phase difference φ estab-
lished between the two superconducting electrodes. This
has been done through numerical calculations based on
the tight-binding model and recursive Green’s function
approach. The numerical results for the conductance
have been reproduced by a 1D analytical model, through
which we also studied the impact of a finite temperature.
We have found that a characteristic feature of the
Andreev bound states energy spectrum of a topological
Josephson junction, namely the topologically protected
level crossing at zero-energy and φ = pi (the origin of
the fractional Josephson effect), is reflected in a peculiar
way in the differential conductance. More precisely, in
the presence of a single propagating mode in the probe,
we find a zero-conductance dip at zero voltage when φ is
close to pi, which is topologically robust against changes
of the parameters (including disorder and length of the
weak link). This feature, unlike the 4pi-periodicity of the
Josephson current, does not depend on the fermion par-
ity and can be viewed as a signature of the topological
phase. The zero-conductance dip, however, disappears
when more than one propagating mode is allowed in the
probe and G resembles the local density of states (i. e.
the energy spectrum) of the Josephson junction.
The local density of states in nanostructures is typ-
ically measured, with spatial and energy resolution,
through the scanning tunneling microscopy. We notice
that the lack of correspondence between differential con-
ductance and local density of states comes with no sur-
prise in our system, where the spectrum consists of dis-
crete levels (see Ref. 22 for a thorough discussion). The
presence of two channels in the probe, though, is suffi-
cient to restore the G vs. spectrum correspondence.
As shown in Fig. 3, the topological phase is character-
ized by topologically protected ABSs at E = 0 and φ = pi.
This feature can be exploited to observe the phase transi-
tion in the differential conductance at the probe. Indeed,
for a fixed chemical potential and fixed phase φ = pi, one
can observe the emergence of the zero-bias conductance
peak by raising the external magnetic field. This can be
seen in Fig. 9, where the differential conductance for a
two-channel probe, calculated as in Sec. III B, is plotted
as a function of the Zeeman field B and the bias volt-
age V . The figure shows that two different regions can
be clearly distinguished in the plot and a threshold mag-
netic field for the onset of the topological phase can be
easily estimated. In particular, for B smaller than the
threshold, G is virtually zero in the considered voltage
range – trivial phase. On the other hand, a zero bias
9conductance peak is present over the threshold and that
region corresponds to the topological phase.
We conclude by mentioning that a single-channel probe
can be realistically realized by placing a QPC in the
probe in the vicinity of the interface with the wire. Al-
though challenging, the zero-conductance dip at zero
voltage could be experimentally observed with InAs or
InSb nanowires for low enough temperatures.
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